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Ëîãàðèôìè÷åñêè-ëèíåéíûå ìîäåëè

Ïðèìåíÿþòñÿ, êîãäà âñå ïåðåìåííûå ìîäåëè ÿâëÿþòñÿ
êàòåãîðèàëüíûìè (äàííûå ìîãóò áûòü ïðåäñòàâëåíû â âèäå
òàáëèöû ñîïðÿæåííîñòè)

Íàèáîëåå ïîëåçíû, êîãäà íàñ èíòåðåñóåò íå îäíà, à íåñêîëüêî
çàâèñèìûõ ïåðåìåííûõ

Ñòàòèñòè÷åñêè ýêâèâàëåíòíû áèíîìèàëüíîé/ìóëüòèíîìèàëüíîé
ëîãèñòè÷åñêîé ðåãðåññèè, à òàêæå ðåãðåññèè Ïóàññîíà (â
çàâèñèìîñòè îò ñïåöèôèêàöèè)

Â ñîöèîëîãèè íàèáîëåå ÷àñòî ïðèìåíÿþòñÿ â èññëåäîâàíèÿõ
ñîöèàëüíîé ìîáèëüíîñòè
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Òàáëèöà ñîïðÿæåííîñòè: ïîë è âåðà â çàãðîáíóþ æèçíü

äà íåò âñåãî

ìóæ÷èíû 375 134 509
æåíùèíû 435 147 582

âñåãî 810 281 1091

Èñòî÷íèê: A.Agresti, An Introduction to Categorical Data Analysis
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Ñòðóêòóðà äàííûõ (1)

id ïîë âåðà

1 m y
2 f y
3 f n
4 m n
.. .. ..
1091 m n
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Ñòðóêòóðà äàííûõ (2)

ïîë âåðà n

m y 375
m n 134
f y 435
f n 147
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Òå æå äàííûå êàê äîëè

äà íåò âñåãî

ìóæ÷èíû 0.3437 0.1228 0.4665
æåíùèíû 0.3987 0.1347 0.5335

âñåãî 0.7424 0.2576 1

À.Ð.Áåññóäíîâ (ÍÈÓ ÂØÝ) Ëîãëèíåéíûå ìîäåëè 18 ìàÿ 2012 6 / 26



Òîëüêî ìàðãèíàëüíûå äîëè

äà íåò âñåãî

ìóæ÷èíû 0.4665
æåíùèíû 0.5335

âñåãî 0.7424 0.2576 1
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Ïðè óñëîâèè íåçàâèñèìîñòè ïîëà è âåðû â çàãðîáíóþ
æèçíü (1)

äà íåò âñåãî

ìóæ÷èíû pi+p+j pi+p+j 0.4665
æåíùèíû pi+p+j pi+p+j 0.5335

âñåãî 0.7424 0.2576 1
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Ïðè óñëîâèè íåçàâèñèìîñòè ïîëà è âåðû â çàãðîáíóþ
æèçíü (2)

äà íåò âñåãî

ìóæ÷èíû 0.4665*0.7424 0.4665*0.2576 0.4665
æåíùèíû 0.5335*0.7424 0.5335*0.2576 0.5335

âñåãî 0.7424 0.2576 1
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Ïðè óñëîâèè íåçàâèñèìîñòè ïîëà è âåðû â çàãðîáíóþ
æèçíü (3)

äà íåò âñåãî

ìóæ÷èíû 0.3463 0.1202 0.4665
æåíùèíû 0.3961 0.1374 0.5335

âñåãî 0.7424 0.2576 1
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Äëÿ ïîëó÷åíèÿ îæèäàåìûõ ÷àñòîò ïðè óñëîâèè
íåçàâèñèìîñòè íåîáõîäèìî óìíîæèòü êàæäóþ ÿ÷åéêó
òàáëèöû íà 1091 (îáùåå ÷èñëî íàáëþäåíèé)

äà íåò âñåãî

ìóæ÷èíû 377.9 131.1 509
æåíùèíû 432.1 149.9 582

âñåãî 810 281 1091
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Ñâÿçàíû ëè ïîë è âåðà â çàãðîáíóþ æèçíü?

Êðèòåðèé õè-êâàäðàò (χ2) ïîçâîëÿåò ïðîòåñòèðîâàòü ãèïîòåçó î
íåçàâèñèìîñòè ïåðåìåííûõ â òàáëèöå ñîïðÿæåííîñòè

Îí îñíîâàí íà ñðàâíåíèè íàáëþäàåìûõ ÷àñòîò â ÿ÷åéêàõ òàáëèöû
è ÷àñòîò, îæèäàåìûõ ïðè óñëîâèè íåçàâèñèìîñòè. Åñëè ðàçíèöà
ìåæäó íàáëþäàåìûìè è îæèäàåìûìè ÷àñòîòàìè áîëüøàÿ, òî
âåðîÿòíîñòü òîãî, ÷òî îíà ÿâëÿåòñÿ ñëó÷àéíîé, ìàëà

χ2 =
∑ (nij−µij )

2

µij

nij � íàáëþäàåìàÿ ÷àñòîòà â ÿ÷åéêå ij , µij � îæèäàåìàÿ ÷àñòîòà â
ÿ÷åéêå ij ïðè óñëîâèè íåçàâèñèìîñòè
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Íàáëþäàåìûå è îæèäàåìûå ÷àñòîòû

ïîë âåðà nij µij
(nij−µij )

2

µij

m y 375 377.9 0.02
m n 134 131.1 0.06
f y 435 432.1 0.02
f n 147 149.9 0.06

χ2 = 0.02 + 0.06 + 0.02 + 0.06 = 0.16
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Ïðîâåðêà ãèïîòåçû î íåçàâèñèìîñòè

Çíàÿ êîëè÷åñòâî ñòåïåíåé ñâîáîäû â ìîäåëè, ìû ìîæåì
ïðîâåðèòü ãèïîòåçó î íåçàâèñèìîñòè ïåðåìåííûõ

Â äâóìåðíîé òàáëèöå ñîïðÿæåííîñòè êîëè÷åñòâî ñòåïåíåé
ñâîáîäû df = (I − 1)(J − 1), ò.å. â íàøåì ñëó÷àå 1

Êðèòè÷åñêîå çíà÷åíèå χ2 ïðè îäíîé ñòåïåíè ñâîáîäû íà 95%
óðîâíå çíà÷èìîñòè ðàâíî 3.8

0.16 < 3.8 (p=0.69), òàêèì îáðàçîì ìû íå ìîæåì îòâåðãíóòü
ãèïîòåçó î òîì, ÷òî íàáëþäàåìûå ÷àñòîòû ñòàòèñòè÷åñêè çíà÷èìî
îòëè÷àþòñÿ îò îæèäàåìûõ ïðè óñëîâèè íåçàâèñèìîñòè (ò.å. î òîì,
÷òî äâå ïåðåìåííûå íå ñâÿçàíû ìåæäó ñîáîé)
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Ëîãëèíåéíàÿ ìîäåëü íåçàâèñèìîñòè

Â ìîäåëè íåçàâèñèìîñòè âåðîÿòíîñòü ïîïàñòü â ÿ÷åéêó òàáëèöû
ñîïðÿæåííîñòè ij îïðåäåëÿåòñÿ ìàðãèíàëüíûì ðàñïðåäåëåíèåì ïî
ñòðîêàì è ñòîëáöàì: πij = πi+π+j

Â ëîãëèíåéíûõ ìîäåëÿõ èñïîëüçóþòñÿ ÷àñòîòû, à íå âåðîÿòíîñòè:
µij = nπi+π+j

Ìîäåëü óäîáíåå îöåíèâàòü êàê ñóììó, à íå ïðîèçâåäåíèå
ýôôåêòîâ, ñîîòâåòñòâåííî: logµij = λ+ λXi + λYj

λ � ýôôåêò îáùåé ñóììû, λXi � ýôôåêò ñòðîê, λYj � ýôôåêò
ñòîëáöîâ

Ýòà ôîðìóëà ïðåäñòàâëÿåò ìîäåëü íåçàâèñèìîñòè äëÿ äâóìåðíîé
òàáëèöû ñîïðÿæåííîñòè. Ýòà ìîäåëü ïðåäïîëàãàåò, ÷òî äâå
ïåðåìåííûå íå ñâÿçàíû ìåæäó ñîáîé
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Íàø ïðèìåð

ïàðàìåòð êîýô. ñò.îø.

λ 4.88 0.07
λF 0.13 0.06
λAL 1.06 0.07

Â ýòîì ïðèìåðå æåíùèíû çàêîäèðîâàíû êàê 1 (ìóæ÷èíû 0), âåðà â
çàãðîáíóþ æèçíü êàê 1 (åå îòñóòñòâèå 0)

Òàêèì îáðàçîì, â ìîäåëè íåçàâèñèìîñòè ïðåäñêàçàííûé ëîãàðèôì ÷àñòîòû â
ÿ÷åéêå (1;1)= 4.88+0.13+1.06=6.07

e6.07=432.7

logµ1;0 = 4.88 + 0.13 = 5.01. e5.01 = 149.9

logµ0;1 = 4.88 + 1.06 = 5.94. e5.94 = 379.9

logµ0;0 = 4.88. e5.01 = 131.6
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Íàñûùåííàÿ (saturated) ìîäåëü

Íàñûùåííàÿ ìîäåëü â äâóìåðíîé òàáëèöå ñîïðÿæåííîñòè
ïðåäïîëàãàåò, ÷òî ìåæäó äâóìÿ ïåðåìåííûìè íàëè÷åñòâóåò ñâÿçü

Ýòà ìîäåëü ïîëíîñòüþ îïèñûâàåò íàáëþäàåìûå äàííûå

logµij = λ+ λXi + λYj + λXYij
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Ïàðàìåòðû íàñûùåííîé ìîäåëè

ïàðàìåòð êîýô. ñò.îø.

λ 4.898 0.09
λF 0.0925 0.12
λAL 1.029 0.1
λF∗AL 0.0558 0.14

logµ1;1 = 4.898 + 0.0925 + 1.029 + 0.0558 = 6.0753. e6.0753 = 435

logµ1;0 = 4.898 + 0.0925 = 4.9905. e4.9905 = 147

logµ0;1 = 4.898 + 1.029 = 5.927. e5.927 = 375

logµ0;0 = 4.898. e4.898 = 134
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Êàêàÿ ìîäåëü ëó÷øå: ìîäåëü íåçàâèñèìîñòè èëè
íàñûùåííàÿ?

Èíûìè ñëîâàìè, ñâÿçàíû ëè ìåæäó ñîáîé äâå ïåðåìåííûå?

Ôîðìàëüíî ìû ìîæåì ñðàâíèòü ìîäåëè, èñïîëüçóÿ ïîêàçàòåëè
êà÷åñòâà ìîäåëè: õè-êâàäðàò Ïèðñîíà (χ2) è îòêëîíåíèå (deviance,
G 2)

ìîäåëü χ2 G 2 df p-value

F ,A 0.1620 0.1621 1 0.687
FA 0 0 0
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Àíàëèç ìíîãîìåðíûõ òàáëèö ñîïðÿæåííîñòè

Â äâóìåðíûõ òàáëèöàõ ñîïðÿæåííîñòè ëîãëèíåéíûé àíàëèç
ôàêòè÷åñêè ìàëî îòëè÷àåòñÿ îò àíàëèçà ñ ïîìîùüþ êðèòåðèÿ
õè-êâàäðàò (à òàêæå ëîãèñòè÷åñêîé è ìóëüòèíîìèàëüíîé
ëîãèñòè÷åñêîé ðåãðåññèè)

Â ìíîãîìåðíûõ òàáëèöàõ ñîïðÿæåííîñòè ëîãëèíåéíûé àíàëèç
äàåò áîëåå èíòåðåñíûå ðåçóëüòàòû
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Ïðèìåð: àíàëèç ñâÿçè ìåæäó óïîòðåáëåíèåì àëêîãîëÿ,
ñèãàðåò è ìàðèõóàíû

Äàííûå: îïðîñ ó÷åíèêîâ âûïóñêíîãî êëàññà àìåðèêàíñêîé ñðåäíåé
øêîëû îêîëî Äåéòîíà, Îãàéî

àëêîãîëü (A) ñèãàðåòû (C) ìàðèõóàíà (M) - äà ìàðèõóàíà (Ì) - íåò

äà äà 911 538
äà íåò 44 456
íåò äà 3 43
íåò íåò 2 279

Èñòî÷íèê: A.Agresti, An Introduction to Categorical Data Analysis
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Âîçìîæíûå ìîäåëè

(A,C,M) � ìîäåëü íåçàâèñèìîñòè

(M, AC) � óïîòðåáëåíèå àëêîãîëÿ è ñèãàðåò ñâÿçàíû ìåæäó ñîáîé,
óïîòðåáëåíèå ìàðèõóàíû íè ñ ÷åì íå ñâÿçàíî

(C, AM); (A, CM)

(AC, AM) � óïîòðåáëåíèå àëêîãîëÿ ñâÿçàíî ñ óïîòðåáëåíèåì
ñèãàðåò è ìàðèõóàíû; åñëè êîíòðîëèðîâàòü óïîòðåáëåíèå
àëêîãîëÿ, ñâÿçü ìåæäó óïîòðåáëåíèåì ñèãàðåò è ìàðèõóàíû
îòñóòñòâóåò

(AC, CM); (AM, CM)

(AC, AM, MC) � ñóùåñòâóåò ïàðíàÿ ñâÿçü ìåæäó âñåìè òðåìÿ
ïåðåìåííûìè. Îòíîøåíèÿ øàíñîâ ìåæäó ëþáûìè äâóìÿ
ïåðåìåííûìè îäèíàêîâû íà âñåõ óðîâíÿõ òðåòüåé ïåðåìåííîé.
Ìîäåëü ãîìîãåííîñòè. Èíûìè ñëîâàìè, ýòà ìîäåëü ïðåäïîëàãàåò
îòñóòñòâèå âçàèìîäåéñòâèÿ ìåæäó ïåðåìåííûìè

(ACM) � íàñûùåííàÿ ìîäåëü, ïîëíîñòüþ îïèñûâàåò äàííûå
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Ïðåäñêàçàííûå çíà÷åíèÿ

Äëÿ êàæäîé ìîäåëè ìû ìîæåì ðàññ÷èòàòü ïðåäñêàçàííûå
çíà÷åíèÿ ÷àñòîò â ÿ÷åéêàõ òàáëèöû ñîïðÿæåííîñòè

A C M (A,C,M) (M, AC) (AM, CM) (AC, AM, MC) (ACM)
äà äà äà 540 611.2 909.24 910.4 911
äà äà íåò 740.2 837.8 438.84 538.6 538
äà íåò äà 282.1 210.9 45.76 44.6 44
äà íåò íåò 386.7 289.1 555.16 455.4 456
íåò äà äà 90.6 19.4 4.76 3.6 3
íåò äà íåò 124.2 26.6 142.16 42.4 43
íåò íåò äà 47.3 118.5 0.24 1.4 2
íåò íåò íåò 64.9 162.5 179.84 279.6 279
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Ñðàâíåíèå ìîäåëåé

ìîäåëü G 2 χ2 df p-value (ïî G 2)

(A,C,M) 1286 1411.4 4 < 0.001
(M, AC) 843.8 704.9 3 < 0.001
(AM, CM) 187.8 177.6 2 < 0.001
(AC, AM, MC) 0.4 0.4 1 0.54
(ACM) 0 0 0

Ìîäåëü (AC, AM, MC) ñòàòèñòè÷åñêè íå çíà÷èìî îòëè÷àåòñÿ îò íàñûùåííîé
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Ïàðàìåòðû ìîäåëè (AC, AM, MC)

ïàðàìåòð êîýô. ñò.îø.

λ 5.63 0.06
λa 0.49 0.08
λc -1.89 0.16
λm -5.31 0.48
λac 2.05 0.17
λam 2.99 0.46
λmc 2.85 0.16

Âî âñåõ ïàðàõ ïåðåìåííûõ íàëè÷åñòâóåò çíà÷èìàÿ ïîëîæèòåëüíàÿ ñâÿçü. Ò.å.
åñëè ó÷åíèê êóðèò, òî ïîâûøàåòñÿ âåðîÿòíîñòü òîãî, ÷òî îí óïîòðåáëÿåò
àëêîãîëü; åñëè óïîòðåáëÿåò àëêîãîëü, òî ïîâûøàåòñÿ âåðîÿòíîñòü
óïîòðåáëåíèÿ ìàðèõóàíû; åñëè êóðèò, òî ïîâûøàåòñÿ âåðîÿòíîñòü
óïîòðåáëåíèÿ ìàðèõóàíû. Îäíàêî ñèëà ñâÿçè ìåæäó êóðåíèåì è
óïîòðåáëåíèåì àëêîãîëÿ íå çàâèñèò îò òîãî, óïîòðåáëÿë ëè ó÷åíèê ìàðèõóàíó
(ò.å. äëÿ óïîòðåáëÿâøèõ è íå óïîòðåáëÿâøèõ ìàðèõóàíó ñèëà ñâÿçè ìåæäó
êóðåíèåì è óïîòðåáëåíèåì àëêîãîëÿ ïðèìåðíî îäèíàêîâà)
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Çàêëþ÷åíèå

Ëîãëèíåéíûå ìîäåëè âõîäÿò â êëàññ îáîáùåííûõ ëèíåéíûõ
ìîäåëåé, generalized linear models (ò.å. ïî ñóòè ÿâëÿþòñÿ îäíèì èç
âàðèàíòîâ ðåãðåññèè, ðåãðåññèåé Ïóàññîíà)

Â ñîâðåìåííîé èññëåäîâàòåëüñêîé ïðàêòèêå â ñîöèîëîãèè
èñïîëüçóþòñÿ ðåäêî, ò.ê. â áîëüøèíñòâå ñëó÷àåâ ìîãóò áûòü
çàìåíåíû (ìóëüòèíîìèàëüíîé) ëîãèñòè÷åñêîé ðåãðåññèåé,
ïîçâîëÿþùåé òàêæå âêëþ÷àòü êîëè÷åñòâåííûå (èíòåðâàëüíûå)
ïðåäèêòîðû

Ëîãëèíåéíûå ìîäåëè òðàäèöèîííî èñïîëüçóþòñÿ â èññëåäîâàíèÿõ
ñîöèàëüíîé ìîáèëüíîñòè (ïåðåìåííûå: ñîöèàëüíûé êëàññ
ðåñïîíäåíòà, ñîöèàëüíûé êëàññ îòöà, ñòðàíà, ïåðèîä)

Â ñëó÷àå, åñëè ïåðåìåííûå ÿâëÿþòñÿ ïîðÿäêîâûìè, èñïîëüçóþòñÿ
áîëåå ñëîæíûå ëîãìóëüòèïëèêàòèâíûå ìîäåëè
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